The Graceful Tree Conjecture claims that every finite simple tree of order n can be vertex labeled with integers {1, 2, ...n} so that the absolute values of the differences of the vertex labels of the end-vertices of edges are all distinct. That is, a graceful labeling of a tree is a vertex labeling f , a bijection f : V (Tn) −→ {1, 2, ...n}, that induces an edge labeling g(uv) = |f (u)−f (v)| that has a special property g : E(G) −→ {1, 2, ..n−1} is a bijection.
Introduction
The graceful tree conjecture or GTC is a well-known labeling problem. The GTC is a strong form of Ringel's Tree Conjecture which states that K 2n−1 can be decomposed into edge-disjoint copies of T n for all n in the non-negative integers [2] . Kotzig strengthened this conjecture. He conjectured that every non-negative integer has the property that K 2n−1 can be cyclically decomposed into copies of T n . Rosa classified four types of labelings that admit this type of cyclic rotation: the α-labeling, the β-labeling, the σ-labeling and the ρlabeling. That is, the GTC asks whether all non-negative integers n have the property that there exists a map f from the vertex set of any tree of order n to the set {1, 2, ...n} which induces the labeling g(uv) = |f (u) − f (v)| which partitions the differences of the endpoints of the elements of the edge set of T n into difference classes which are distinct for each edge. If we are given an injection f from the set V (T n ) to the set {1, 2, ...2n − 1} and φ n (uv) = min{|x| :
x ≡ f (u) − f (v) mod 2n − 1}, then we say uv and xw are in distinct difference classes if φ n (uv) = φ n (xw). Notice that φ n : E(T n ) −→ {1, 2, ...n − 1} is a bijection whenever φ n partitions the edge set of T n into difference classes. We say uv is in difference class i if φ n (uv) = i.
A ρ-labeling for instance, carries the vertex set of T n injectively to the set {1, 2, ...n} where n − 1 is the size of G. A σ-labeling, meanwhile is an injection from the vertex set into {1, 2, ...2n − 1} where n is the size of G. We can see that any ρ-labeling is a σ-labeling, but the converse is not true. In Section 3, we will show that if a tree has a σ-labeling then K 2n−1 admits an edge-cyclic decomposition into copies of K 2n−1 : if we act on the labels of the vertices of T n by the integers mod 2n − 1, the resulting edge sets of the 2n − 1 copies of T n that are generated form a partition of the set
2 Proving the Graceful Tree Conjecture First, we introduce two useful definitions.
Definition 2.2 A caterpillar is a tree such that every vertex is distance at most 1 from the longest path in the tree.
It is well known that caterpillars have graceful labelings [3] . We present the following proof of the graceful tree conjecture.
Theorem 2.1 Every simple tree has a graceful labeling.
Proof (Probabilistic). Let T n be a simple tree. We will show that T n has a graceful labeling. We use the notation above: m(e) is the edge degree of an arbitrary edge of T n , e. We assume T n is not a star and in particular, that m(e) < n − 1 for all edges e in T n . We also assume the order n of T n is greater than or equal to 3.
We show that for every tree under the above constraints, the probability there exists a ρ-labeling that induces an edge labeling where every edge label is distinct is strictly greater than 0.
Consider the double sum S = φn(e)=φ e∈E(Tn)
Where here
and
We get that S ≤ S 1 + S 2 and
.
We get that S < 1 under the above constraints.
2m(e) n(n − 1)
So that
Above, we use the assumption that n − 1 > m. If we compare the numerator to the denominator, it is clear that if −6n + 6 > −14n 2 + 26n − 12 (assume m(e) ≥ 1), then the probability of a duplication in the induced edge labels over all vertex labelings of T n is less than one. But if n > 2, 14n 2 > 32n − 6 holds. That is, every tree has a graceful labeling.
Applying the Graceful Tree Theorem
We show the following theorem as an application of the Graceful Tree Theorem: Theorem 3.1 If G of size n−1 has a σ-labeling, then K 2n−1 has an edge-cyclic decomposition into copies of G.
Proof Suppose that we have a σ-labeling σ on a graph G with vertex set
H} > then we get 2n − 1 edge disjoint-copies of G on the vertex set {v 1 , v 2 , ...v 2n−1 }. Define the edge labeling g induced by σ to be g(uv) = |σ(u) − σ(v)|. The function g partitions the edge set of G into difference classes. We see that if we extend g to the function h so that h(v j+i v k+i ) = g(v j v k ) for all 0 ≤ i ≤ 2n − 1, then h partitions E(H i ) into difference classes for all 0 ≤ i ≤ 2n − 1.
Suppose that we had E(H j ) ∩ E(H k ) ≡ ∅. Then h(e k ) = h(e j ) for e k ∈ H k , e j ∈ H j k = j and h(v k+i v j+i ) = h(v j v k ). Then we have σ(v j ) − σ(v k ) ≡ σ(v k ) − σ(v j ) mod 2n − 1, or rather σ(v j ) ≡ σ(v k ) mod 2n − 1 which is impossible since σ : V (T n ) −→ {1, 2, ...2n − 1} is bijective. Since every ρ-labeling is a σ-labeling, every tree of order n has size n − 1, and every tree has a ρ-labeling, it follows that T n decomposes K 2n−1 for every tree T n on n vertices.
